We say that the ring A is of transcendence degree n over its subfield k if for every prime Pa A the transcendence degree of A\P over k is at most n and equality is attained for some P. In this paper we prove the following: Suppose A is a noetherian ring of transcendence degree one over its subfield k. Then if B is any ring such that the polynomial rings A [Xlt-,Xm] and B [YU--, Ym] are isomorphic, A is isomorphic to B. Moreover if A has no nontrivial idempotents then either A is isomorphic to the polynomials in one variable over a local artinian ring or, modulo the nil radical, the given isomorphism takes A onto B.
Definition (1) is consistent with those of [CE] and [AEH] . In the case where A has no nilpotent elements, and in particular where A is a domain,
(1) simply asserts that the isomorphism a takes A onto B. With these definitions it is not obvious that strongly invariant rings are invariant. Before proving this we make the following useful observation. ii{Ylt-■ ■ , F"), so
where «, has nilpotent coefficients which are elements of A. We also have, for each /', Y< = hAXu ■■■, Xn).
Let A be the set of all the coefficients of the g.¡, n¡ and hk. Set ^0=II [A] where II is the prime subring of A. Then Since any homomorphism of a noetherian ring onto itself is an isomorphism, t is an isomorphism and hence all of the coefficients of c are zero. Thus the F's are algebraically independent over A. Now we have immediately that A is isomorphic to B, for if % is the ideal of R generated by {Fl5 • • • , Yn}, then #/9t is isomorphic to both A and B. This concludes the proof of (3).
In [AEH] the following is proved:
If A is a domain which is of transcendence degree one over a field, then A is invariant. A is either strongly invariant or there is a field k such that A=k[t] =k™.
In the sequel any reference to [AEH] is an appeal to this result. This shows that if / is transcendental over the field k, then k[t] is an invariant ring which is not strongly invariant, for
We do not know of an example of a commutative ring with identity which is not invariant. However there are simple examples of noninvariant rings without identity. In fact let G be any abelian group such that G is not isomorphic to G®G. Make each of these groups into a ring defining the product of any two elements to be zero. Then G [X] and (G@G) [Y] are each isomorphic to a direct sum of countably many copies of G, hence they are isomorphic.
(6) If A is a noetherian ring then A is invariant if and only if whenever If each A¡ is strongly invariant then A¡ is isomorphic to B¡ for each ; and consequently A is isomorphic to B. We say that the ring R is of transcendence degree n over afield F if R contains F, deg trir Rjp^Ln for each prime ideal p^ R, and there is a prime ideal p for which equality is attained.
(8) Let A be a one dimensional noetherian ring which is of transcendence degree one over a field and suppose A has no nontrivial idempotents. Then if A has at least two primes of height zero, A is strongly invariant.
Proof. In case A is a reduced affine ring over a field, the previous argument has a geometric interpretation. One views A as the coordinate algebra of an affine curve TA. Then A [X] is the coordinate algebra of the cylinder CA over YA (see Figure 1) . Figure 1 If TA is not irreducible, then it is the union of a finite number of irreducible components I\, • • • , Tt where the T/s correspond to the height zero primes q¡. The assumption that A has no nontrivial idempotents is equivalent to the fact that our curve VA is connected in the Zariski topology. In the proof of (8) (10) Let A be a noetherian ring of transcendence degree one over a field and suppose A has a unique minimal prime p such that Alp=k[t'] = k{1). Then A is invariant. Moreover the following conditions are equivalent:
(1) A is strongly invariant.
(2) A is not of the form A0[X]=A{01) where A0 is a local artinian ring. (3) A has an embedded prime divisor of (0). Proof. First we show the equivalence of conditions (1), (2) and (3) above. (1)=>(2). This is clear for /<0[A'] = /iJ1) is not strongly invariant since
(2)=>(3). We must show that if A has no embedded prime divisors of (0), then A is of the form A0[X] = A(0V. Let A-^->Alp=k[t'] = kb e the natural map and let /=cr~1(/c). Since p is the nil radical of /, / is a local ring with maximal ideal p. Thus / is a complete local ring. By Cohen's structure theorem of complete local rings [ZS, Theorem 27, p. 304], / contains a field k0 which is naturally isomorphic to k. Thus k0^A and a(k0)=k. We now identify k0 and k. If A is a one dimensional affine ring over afield k, then A is invariant. Moreover A is strongly invariant unless A can be expressed in the form A^A^X] where A0 is a local artinian ring and X is an indeterminate over A0.
Proof.
Let eu • ■ • , er be a maximal set of pairwise orthogonal idempotents of A. Then A = Ae1®-■ -®AeT. Now apply (7), (8) and (10) to complete the argument.
(12) Remark. Our Definitions (1) and (2) of invariant and strongly invariant could be taken to define «-invariant and «-strongly invariant where n is the number of variables. We do not know if it is possible for a ring to be «-invariant and not «i-invariant for different integers m and «. In particular does 1-invariant imply «-invariant?
We close with an example of a strongly invariant, one dimensional affine ring A such that there is an isomorphism of polynomial rings Hence bi = 6gi(a2,a3+6X,d) = 62q-0 which shows X is transcendental over B. Added in proof. M. Höchster has recently given an elegant example of an integral domain which is not invariant. Hochster's example is a four dimensional affine ring over the field of real numbers.
